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Resumo O objetivo principal desta tese é estudar a transmitância de magnões únicos
através de nanoaglomerados magnéticos. A nossa abordagem baseia-se na
transformação de Matsubara-Matsuda, que mapeia um circuito magnónico
de um aglomerado magnético ligado a ﬁos unidimensionais num sistema de
bosões hard-core. A transmitância de magnões sem interação é calculada
através da resolução de um sistema de Nc + 2 equações de Schrödinger
(onde Nc é o número de sítios do circuito). No caso de magnões com
interação foi seguido um método aproximado baseado numa perspectiva de
efeito túnel similiar. São discutidos os efeitos na transmitância causados
pela interferência quântica dos modos magnónicos, número de coordenação
variável no aglomerado e a possibilidade de diferentes magnetizações do
aglomerado. É também discutido em detalhe a transmitância de magnões
através de clusters magnéticas frustradas.

Abstract The main goal of this thesis is to study the transmittance of single magnons
through magnetic nanoclusters. Our approach relies on the Matsubara-
Matsuda transformation, which maps a magnonic circuit of a magnetic clus-
ter connected to 1D leads into a hard-core boson system. The transmittance
of non-interacting magnons is computed by solving a system of Nc + 2 cou-
pled Schrödinger equations (where Nc is the number of sites of the cluster).
In the case of interacting magnons an approximate method was followed
which relies in a similar tunnelling perspective. We address the eﬀects in the
transmittance of the quantum interference of the magnonic modes, variable
coordination number in the cluster, and the possibility of diﬀerent magneti-
zations of the nanocluster. Zeeman splitting and anisotropies (J 6= Jz) are
also addressed but dipole-dipole interactions are not considered. The trans-
mittance of magnons through a frustrated magnetic cluster is discussed.
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Chapter 1
Introduction
A important ﬁeld within mesoscopic physics is spintronics. Spintronics is expected to
become in the near future a potential challenger to the predominance of charge-based elec-
tronics.[1, 2] For example, using spin dependent eﬀects one can enhance the storage and
processing of data.[3] Futhermore spin waves allow to transmit information without resorting
to moving charges with certain technological advantages:
• spin waves can be guided in the magnetic wave-guides (similar to the optical ﬁbres); [4]
• spin wave signal can be converted into a voltage via inductive coupling; [5]
• magnetic ﬁeld can be used as an external parameter for spin wave signal modulation; [4]
• the absence of moving charges reduces signiﬁcantly the heat produced by the Joule eﬀect.
[1]
Spin waves were not considered as a vehicle for information transmittance for some time
due to two disadvantages: relatively slow group velocity (more than two orders of magni-
tude slower than the speed of light) and high attenuation (more than six orders of magnitude
higher attenuation than for photons in a standard optical ﬁbre). These disadvantages are
having lower impact than before because, in the deep-submicrometer range, the short trav-
elling distance compensates the slow propagation and high attenuation.[4] Overcoming these
disadvantages may allow to use spin waves with wavelength as short as several nano-meters,
and with coherence length exceeding tens of micrometers (already produced at room temper-
ature [4]). Eﬃcient coupling to microelectronics poses a vital challenge. Previously developed
techniques for spin-wave excitation (spin currents can be produced by spin pumping eﬀect.
[2, 6, 7, 8]) may not allow for the relevant downscaling or provide only individual point-like
sources.[2, 9]
The observation of spin waves is mainly executed through four methods: inelastic light
scattering (such as Brillouin scattering, [10] Raman scattering [11] and inelastic X-ray scat-
tering [12]), inelastic neutron scattering, [13, 14] inelastic electron scattering (spin-resolved
electron energy loss spectroscopy), [15] and spin-wave resonance (magnetic resonance). [16,
17] The energy loss of photons reﬂected from or transmitted through a magnetic material
is used in the Brillouin scattering spectroscopy to determine the energy of excited magnons.
Although similar to the more widely used Raman scattering it probes lower energies and has
a higher energy resolution in order to be able to detect the energy of magnons of the order
1
of meV. [10] The inelastic neutron scattering method measures the loss of energy of a beam
of neutrons due to the excitation of magnons. This energy loss depends on the momentum
transfer, temperature and external magnetic ﬁeld and can be used to determine the disper-
sion curve for magnons.[13, 14] The same measurement can be achieve by inelastic electron
scattering. [15] The absorption of microwaves by spin waves is measured by ferromagnetic
or anti-ferromagnetic resonance. This method is suited to determine the eﬀect of magneto-
crystalline anisotropy on the dispersion of spin waves. [16, 17]
1.1 Thesis Goals
The main goal of this thesis is the study of the transmittance of magnons through mag-
netic clusters. Spins in the Heisenberg model can be treated as hard-core bosons through
Matsubara-Matsuda transformation. Non-interacting magnons transformed this way map the
Heisenberg Hamiltonian into a tight-binding model, which allows to directly compute the
transmittance of magnons by solving a system of Nc+2 coupled Schröedinger equations while
avoiding quantities such as Green's functions or self energies (where Nc is the number of sites
of the cluster). [18] Interacting magnons require the addition of a interacting term in the
hard-core boson Hamiltonian. To account for this term of interaction between magnons, a
tunnelling perspective was followed. We address the eﬀects in the transmittance of the quan-
tum interference of the magnonic modes, variable coordination number in the cluster, and the
possibility of diﬀerent magnetization of the nanocluster. Zeeman splitting and anisotropies
(J 6= Jz) are also addressed but dipole-dipole interactions are not considered. This method is
used to explore the transmittance through fully ferromagnetic clusters and frustrated magnetic
clusters. The contribution of localized magnon states is described.
1.2 Thesis Organization
In chapter 2, three transformations of spin operators into bosonic or fermionic operators
are discussed. One of these transformations, the Matsubara-Matsuda transformation, which
transforms the Heisenberg Hamiltonian into a hard-core boson Hamiltonian, is used in the
following chapters. In chapter 3, the transport of non-interacting magnons through a fer-
romagnetic cluster is mapped into the transport of single spinless particles described by a
tight-binding model. Chapter 4 describes how a tunnelling method can be used to compute
the transmittance of interacting magnons on clusters with arbitrary magnetization. A partic-
ular frustrated magnetic cluster is studied in chapter 5. Magnetic ﬁeld induced magnetization
and its impact on the overall transmittance of magnons is addressed in chapter 5. Finally, we
conclude in chapter 6.
2
Chapter 2
Heisenberg Magnons
In this chapter, three transformations of spin operators into bosonic or fermionic operators
are discussed. This allows to map the problem of the transport of magnons into a problem
of the transmittance of fermions or bosons. One of these transformations, the Matsubara-
Matsuda transformation, which transforms the Heisenberg Hamiltonian into a hard-core bo-
son Hamiltonian, is used in the following chapters. The Matsubara-Matsuda transformation
allows to map the transport of magnons into the transport of bosons while maintaining the
simplicity of the Hamiltonian. This is not the case for the Jordan-Wigner transformation
where the presence of phase factors makes diﬃcult to obtain analytical results in higher di-
mensions. Although our study is restricted to particles with spin S = 12 , the application of the
Holstein-Primakoﬀ transformation for particles with arbitrary spin is discussed. Using this
transformation, one could generalize the results of the next chapters for S 6= 12 .
2.1 Matsubara-Matsuda transformation
The system to be studied is composed of N interacting fermions with spin 1/2. The
interactions between particles are deﬁned by the Heisenberg Hamiltonian that acts on the
N particles Hilbert space HN . The one-particle vector spaces, |σi〉, have the standard basis
deﬁned as the two possible spin states |↑〉 =
(
1
0
)
and |↓〉 =
(
0
1
)
. The Pauli operators σx, σy
and σz are deﬁned in all subspaces Hi by
3
σx =
( |↑〉 |↓〉
〈↑| 0 1
〈↓| 1 0
)
, (2.1)
σy =
( |↑〉 |↓〉
〈↑| 0 −i
〈↓| i 0
)
, (2.2)
σz =
( |↑〉 |↓〉
〈↑| 1 0
〈↓| 0 −1
)
. (2.3)
(2.4)
These operators satisfy the same commuting algebra as the spin operators
[σa, σb] = iabcσ
c, for a, b, c ∈ {x, y, z}. (2.5)
When Pauli operators operate in diﬀerent subspaces, they are independent and commute.
They also satisfy an anti-commuting algebra
{σa, σb} = 1
2
δab, for a, b, c ∈ {x, y, z}. (2.6)
One may deﬁne the ladder operators σ+ and σ− in all subspaces |σi〉 by
σ+ =
( |↑〉 |↓〉
〈↑| 0 2
〈↓| 0 0
)
, (2.7)
σ− =
( |↑〉 |↓〉
〈↑| 0 0
〈↓| 2 0
)
. (2.8)
(2.9)
The commutation relation between σ+ and σ− is[
σ+, σ−
]
= 2σz. (2.10)
The Pauli operators can be rewritten as
σx =
1
2
(
σ+ + σ−
)
, (2.11)
σy =
1
2i
(
σ+ − σ−) . (2.12)
(2.13)
The spin operators are written at the expense of the Pauli matrices (with ~ = 1)
4
Sz =
1
2
σx ; Sy =
1
2
σy ; Sz =
1
2
σz ; S+ =
1
2
σ+ ; S− =
1
2
σ− (2.14)
The generalized Heisenberg model Hamiltonian operates in the space HN and it is described
as
H = −
∑
〈i,j〉
Jxi,jS
x
i S
x
j + J
y
i,jS
y
i S
y
j + J
z
i,jS
z
i S
z
j + h
∑
j
Szj , (2.15)
where Jxi,j , J
y
i,j and J
z
i,j are the x, y and z components of the Heisenberg coupling, h is
the energy associated with an externally applied magnetic ﬁeld and 〈i, j〉 represents all pairs
of nearest neighbours. Considering isotropy in the XY plane, i.e. Jxi,j = J
y
i,j = Ji,j , the
Hamiltonian can be written as
H = −
∑
〈i,j〉
Ji,j
(
Sxi S
x
j + S
y
i S
y
j
)
−
∑
〈i,j〉
Jzi,jS
z
i S
z
j + h
∑
j
Szj . (2.16)
Replacing Sx and Sy by S+ and S−,the previous equation becomes
H = −
∑
〈i,j〉
Ji,j
2
(
S+i S
−
j + S
+
j S
−
i
)
−
∑
〈i,j〉
Jzi,jS
z
i S
z
j + h
∑
j
Szj . (2.17)
Spin operators associated with magnons are diﬃcult to deal with, as spins operators do
not respect the bosonic nor the fermionic commutation rules.[19] It is required to transform
these spins operators into more handleable operators in order to perform analytic and com-
putational operations. The Matsubara-Matsuda transformation is used to obtain a spinless
hard-core boson Hamiltonian which, in the presence of a single magnon, becomes a tight-
binding Hamiltonian.
The Matsubara-Matsuda transformation replaces the spin operators of particles with spin
1/2 with bosonic creation and annihilation operators for any given geometry.[20] Normally
bosonic distributions allow to have more than a particle per state. This is not compatible with
the "fermionic" distribution of magnons. This incompatibility, however, can be surpassed if
one considers that it is possible to have two or more bosons in the same state, but the
respective required energy is inﬁnite. This way we have a group of particles whose creation
and annihilation operators respect the bosonic commutation rules and respect the fermionic
distribution. These particles are called hard-core bosons. The transformation can be expressed
as 
S+j = b
†
j ,
S−j = bj ,
Szj = b
+
j bj − 12 = nj − 12 ,
(2.18)
where S+j , S
−
j and S
z
j are the spin raising, lowering and z component operators and b
†
j , bj
and nj are the boson creation, annihilation and occupation operators, respectively. These
operators respect the boson commutation relations, but with a hard-core condition,
[bi, b
+
j ] = δij
(
1− 2b†ibj
)
; [b†i , b
†
j ] = 0. (2.19)
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With this transformation, one can transform an Heisenberg model Hamiltonian
H = −
∑
〈i,j〉
Ji,j
2
(
S+i S
−
j + S
+
j S
−
i
)
−
∑
〈i,j〉
Jzi,jS
z
i S
z
j + h
∑
j
Szj (2.20)
into a spinless hard-core boson Hamiltonian
H = −
∑
〈i,j〉
Ji,j
2
(
b†ibj + b
†
jbi
)
−
∑
〈i,j〉
Jzi,j
(
ni − 1
2
)(
nj − 1
2
)
+ h
∑
j
(
nj − 1
2
)
. (2.21)
The previous transformation can be applied to a 1D uniform chain which gives
H = −J/2
∑
j
(
b†j+1bj + b
†
jbj+1
)
+ Jz
∑
j
nj − Jz
∑
j
njnj+1 + h
∑
j
(
nj − 1
2
)
. (2.22)
2.2 Jordan-Wigner transformation
The Jordan-Wigner transformation turns spin operators into fermionic operators.[21, 22]
In order for these fermionic operators to respect the commutation and anti-commutation
rules of the spin operators, phase factors must be added. In this section, the Jordan-Wigner
transformation is performed in the case of a 1D chain to obtain the one-magnon energy
dispersion. Note that for one magnon the Jordan-Wigner transformation is equivalent to the
Matsubara-Matsuda transformation. The Jordan-Wigner transformation is then executed in
a 2D square lattice to show that the transformation depends on the geometry of the system
and its level of complexity increases rapidly with increasing dimensionality. This presents an
issue for the implementation of the Jordan-Wigner transformation to clusters with arbitrary
geometries.
2.2.1 Jordan-Wigner transformation in 1D chains
Jordan and Wigner [23] realized that the down and up state of a single spin can be viewed
of as an empty or singly occupied fermion state
|↓〉 ≡ |0〉 and |↑〉 ≡ f † |0〉 ≡ |1〉 . (2.23)
An explicit representation of the spin operators in terms of fermion operators is then
Sˆ+ = f † =
( |1〉 |0〉
〈1| 0 1
〈0| 0 0
)
, (2.24)
Sˆ− = f =
( |1〉 |0〉
〈1| 0 0
〈0| 1 0
)
, (2.25)
Sˆz =
1
2
( |1〉 |0〉
〈1| 1 0
〈0| 0 −1
)
, (2.26)
(2.27)
6
This way, the Pauli spin operators provided Jordan and Wigner with an elementary model
of a fermion. This representation needs to be modiﬁed when there is more than one spin, as
independent spin operators commute but independent fermions anticommute. This was ﬁxed
in 1D by attaching a phase factor called a "string" to the fermionic operators. [23] For a 1D
chain of spins, the Jordan-Wigner representation of the spin operator at site j is deﬁned as
Sj
+ = fj
†eiφj , (2.28)
where the phase operator φj contains the sum over all fermion occupancies at sites to the left
of j,
φj = pi
∑
w<j
fw
†fw = pi
∑
w<j
nw, (2.29)
where nw represents the fermionic occupation operator. The complete Jordan-Wigner trans-
formation is then 
Sj
z = f+f − 1
2
,
Sj
+ = f †j e
ipi
∑
w<j nw ,
Sj
− = fje−ipi
∑
w<j nw .
(2.30)
Now these fermionic operators obey to the fermionic anti-commutations rules
{f †i , fj} = δij , and {f †i , f †j } = 0. (2.31)
The important point in this representation is that the operator eipinj anticommutes with the
fermion operators at the same site:
{eipinj , fj†} = eipinjfj† + fj†eipinj = eipinj
(
fj
† − fj†
)
= 0. (2.32)
The transverse spin operators now satisfy the correct commutation algebra. The following
relations are also satisﬁed:
[eipiφk , fj ] =

0, j ≥ k,
2exp
ipi∑
w<k
w 6=j
nw
 , j < k. (2.33)
To see how this works, we shall now discuss the one-dimensional Heisenberg model in the
absence of an applied external magnetic ﬁeld (i.e. h = 0)
H =− J
∑
j
[Sxj S
x
j+1 + S
y
j S
y
j+1]− Jz
∑
j
SzjS
z
j+1 (2.34)
=− J
2
∑
j
[S+j+1S
−
j +H.C.]− Jz
∑
j
SzjS
z
j+1. (2.35)
To fermionize the ﬁrst term, we note that all terms in the string cancel, except for a eipinj
which has no eﬀect,
J
2
∑
j
S+j+1S
−
j =
J
2
∑
j
f †j+1e
ipinjfj =
J
2
∑
j
f †j+1fj . (2.36)
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The z-component of the Hamiltonian becomes
−Jz
∑
j
Szj+1S
z
j = −Jz
∑
j
(
nj+1 − 1
2
)(
nj − 1
2
)
. (2.37)
The transformed Hamiltonian is then (ignoring the constant term):
H = −J
2
∑
j
(
f †j+1fj + f
†
j fj+1
)
+ Jz
∑
j
nj − Jz
∑
j
njnj+1. (2.38)
A more compacted expression can be achieved by transforming it to the momentum space.
The resulting Hamiltonian is deduced in the appendix A and can be written as
H =
∑
k
ωkf
†
kfk −
Jz
N
∑
k,k′,q
cos(qa)f †k−qf
†
k′+qfk′fk, (2.39)
where ωk = (J
z − J cos ka) is the one-magnon excitation energy. If one neglects the interac-
tions in the case when Jz = J > 0, the spectrum
ωk = (J − J cos ka) = 2J sin2 (ka/2) (2.40)
is always positive so that there are no magnons present in the ground-state as it more energetic
then a pure ferromagnetic state. The ground state can be written as
|Ψg〉 = |Fe(↓)〉 = |↓↓↓ ...〉 (2.41)
which corresponds to a state with a spontaneous magnetization M =
∑
j S
z
j |Ψg〉 = −N/2.
Since ωk=0 = 0, it costs no energy to add a magnon of arbitrarily long wavelength. This
is an example of a Goldstone mode, where the spontaneous magnetization can point in any
direction perpendicular to the chain axis. Rotating the magnetization should cost no energy,
and this is the reason why the k = 0 magnon is a zero energy excitation. When Jz = 0 and
J > 0, the spectrum becomes ωk = −J cos ka and magnon states with negative energy will
become occupied. All the negative energy fermion states with |k| < pi/2a are occupied, so the
ground-state is given by
|Ψg〉 =
∏
|k|< pi
2a
f †k |0〉 . (2.42)
The band of magnon states is thus precisely half-ﬁlled,
〈Sz〉 = 〈nf − 1
2
〉 = 0, (2.43)
so that remarkably, there is no ground-state magnetization. The ground state energy is given
by (see appendix B)
Eg = −J
∑
|k|<pi/2a
| cos(ka)| = −JN
pi
. (2.44)
An excitation can be produced by adding a magnon with wavevector |k| > pi/2a or by anni-
hilating a magnon with |k| < pi/2a, thus creating a hole.
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Figure 2.1: One-magnon excitation spectrum of the one-dimensional (Jz = J > 0) Heisenberg
ferromagnet in the absence of magnetic ﬁeld (h = 0). The ferromagnetic nature of the ground
state implies a rotational symmetry which is broken by a Goldstone boson.
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Figure 2.2: One-magnon excitation spectrum of the one dimensional (Jz = 0 and J > 0)
Heisenberg ferromagnet in the absence of magnetic ﬁeld (h = 0). The ground state is the
state with the negative energy positions occupied by magnons. The annihilation of a magnon
on the ground state is equivalent to create a hole with opposite energy and momentum.
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Figure 2.3: Schematic representation of the order of the indexes. The phase of the fermionic
operators on the site i, j depends on the total occupation in the grey area.
2.2.2 Jordan-Wigner in two dimensions
In chapter 3 and 4, we consider the Heisenberg Hamiltonian for nanoclusters of arbitrary
geometry. The Jordan-Wigner transformation for a system of 1D leads connected to this
nanocluster is rather more complicated.
The square lattice allows to analytically express a transformed Hamiltonian and demon-
strate the increasing diﬃculty in using the Jordan-Wigner transformation.[21, 24] The ex-
tended Jordan-Wigner transformation for a 2D square lattice can be deﬁned as
s−i,j = fi,je
iαi,j (2.45)
= eiαi,jfi,j , (2.46)
s+i,j = f
†
i,je
−iαi,j (2.47)
= e−iαi,jf †i,j , (2.48)
αi,j = pi
 i−1∑
d=0
∞∑
f=0
nd,f +
j−1∑
f=0
ni,f
 , (2.49)
where nd,f = f
†
d,ffd,f . The ﬁrst term sums for all the columns on the left while the second
term sum on the i column until the i, j − 1. One can use the Jordan-Wigner transformation
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to rewrite the Hamiltonian (see appendix C)
H =
∞∑
i=0
∞∑
j=0
J (Si,jSi+1,j + Si,jSi,j+1)︸ ︷︷ ︸
Hxyz
+
∞∑
i=0
∞∑
j=0
hSzi,j︸ ︷︷ ︸
HZeeman
(2.50)
as the sum of the components
Hxy =
1
2
∞∑
i=0
∞∑
j=0
Ji,j,i+1,j
(
−fi,jeiφ˜i,i+1(j)f †i+1,j + f †i,je−iφ˜i,i+1(j)fi+1,j
)
+Ji,j,i,j+1
(
−fi,jf †i,j+1 + f †i,jfi,j+1
)
,
(2.51)
Hz =
∞∑
i=0
∞∑
j=0
Ji,j,i+1,j
(
f †i,jfi,j −
1
2
)(
f †i+1,jfi+1,j −
1
2
)
+Ji,j,i,j+1
(
f †i,jfi,j −
1
2
)(
f †i,j+1fi,j+1 −
1
2
) (2.52)
and
HZeeman =
∞∑
i=0
∞∑
j=0
h
(
s+i,js
−
i,j −
1
2
)
=
∞∑
i=0
∞∑
j=0
h
(
f †i,jfi,j −
1
2
)
,
(2.53)
where φ˜i,i+1(j) = pi
(∑∞
w=j+1 ni,w +
∑j−1
w=0 ni+1,w
)
.
2.2.3 One particle Jordan-Wigner transformation
The Jordan-Wigner transformation introduces phases that depend on the distribution
of the fermions in the lattice. The operators present in Heisenberg Hamiltonian produce
pairs of annihilation and creation operators that act at the same site or at nearest neigh-
bours. The presence of multiple particles and generalized connections between sites results in
a Jordan-Wigner Hamiltonian which can be seen as a tight-binding model as in the case of
the Matsubara-Matsuda Hamiltonian but the hopping constants contain phases which have a
diﬀerent expression every time any particle changes position. This does not happen with the
Matsubara-Matsuda Hamiltonian except when there is a single magnon in the structure. The
Jordan-Wigner Hamiltonian only acts at the particle's site and at the sites that it connects to.
Other sites have zero contribution because the annihilation operators will operate at empty
sites. Consider the generalized situation presented in ﬁgure 2.4. The position index used in
the phases summation runs from left to right. The Hamiltonian terms that require attention
are S+b S
−
a + S
+
a S
−
b and S
+
c S
−
b + S
+
b S
−
c :
S+b S
−
a + S
+
a S
−
b =⇒ f †b eipi
∑b−1
j≥a njfa + f
†
ae
−ipi∑b−1j≥a njfb N=1=⇒ f †afb + f †b fa (2.54)
S+c S
−
b + S
+
b S
−
c =⇒ f †c eipi
∑c−1
j≥b njfb + f
†
b e
−ipi∑c−1j≥b njfc N=1=⇒ f †c fb + f †b fc (2.55)
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a) b) c)
Figure 2.4: Schematic representation of a tight binding model with generalized connections.
Points a) and c) can be any site with lower or higher position index than the site b).
which are equivalent to the Matsubara-Matsuda transformation when only a particle is present.
Even though the Jordan-Wigner transformation is, in essence, diﬀerent from the Matsubara-
Matsuda transformation, the terms that distinguish between transformations cancel in the
case of a single particle. This way, the physical properties deduced for an one-dimensional
lead occupied with a single fermion are valid for an one-dimensional lead occupied with a
single hard-core boson.
2.3 Holstein-Primakoﬀ transformation
The Holstein-Primakoﬀ transformation allows to express the spin operators of particles
with arbitrary spin as boson operators.[25, 26] It is best suited when the particles to be
transformed have large spins. The usage of the Holstein-Primakoﬀ transformation for particles
with spin 1/2 adds complexity, while it does not present any advantage over the Matsubara-
Matsuda transformation. Although the Holstein-Primakoﬀ transformation can be executed for
an anisotropic anti-ferromagnetic structure, here focus is given to the isotropic ferromagnetic
case, i.e. Ji,j = J > 0. The Hamiltonian in equation 2.20 can then be written as
H = −J
∑
j,δ
Sj · Sj+δ − 2µ0H0
∑
j
Szj , (2.56)
where the vectors δ connect atom j with its nearest neighbors, µ0 = (g/2)µB is the magnetic
moment, Sj is the spin operator at site j, H0 is the intensity of a static magnetic ﬁeld directed
along the z axis with associated energy of h = 2µ0H0. H0 is chosen to be positive in order to
make the spins align along the positive z axis when the system is in the ground state. The
Holstein-Primakoﬀ transformation enables to express the spin operators as boson creation and
annihilation operators a†j and aj, respectively:
S+j = S
x
j + iS
y
j = (2S)
1/2(1− a†jaj/2S)1/2aj (2.57)
S−j = S
x
j − iSyj = (2S)1/2a†j (1− a†jaj/2S)1/2. (2.58)
The maximum bosonic occupation is limited by 2S. While it is possible to have states with
more than 2S bosons, these states do not have physical meaning. This restriction is lifted
when S →∞. It is required that S+ and S− satisfy the correct commutation relations, which
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means that
[aj, a
†
w] = δjw (2.59)
must be satisﬁed. The transformation of S+,S− and Sz turns the Hamiltonian
H = −J
∑
j,δ
Sj · Sj+δ − 2µ0H0
∑
j
Szj (2.60)
into a Hamiltonian, considering z nearest neighbours,
H = −JNzS2 − 2µ0H0NS +H0 +H1. (2.61)
The ﬁrst two terms have order zero while H0 has the second order components and H1 has
the terms with higher order. The bilinear term in spin-wave variables is given by
H0 = −JS/N
∑
j,δ,k,k′
(
e−i(k−k
′)·xjeik·δbkb
†
k′ + e
i(k−k′)·xje−ik
′·δb†kbk′
−ei(k−k′)·xjb†kbk′ − e−i(k−k
′)·(xj+δ)b†kbk′
)
+ 2µ0h/N
∑
j,k,k′
ei(k−k
′)·xjb†kbk′ .
(2.62)
For sc, bcc and fcc lattices of lattice constant a, the exchange contribution to the magnon
frequency has the form of the de Broglie dispersion relation for a free particle of mass m∗:
ωk = 2µ0H0 + 2JS(ka)
2, (2.63)
where 2JSa2 = 1/(2m∗) or m∗ = 1/4JSa2
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Chapter 3
Transport through ferromagnetic
clusters
In this chapter, the transmittance of a single magnon through a ferromagnetic cluster
connected by ferromagnetic leads is addressed.
In ferromagnetic clusters, if only one spin is inverted at any given time, this implies that
there is only a magnon present in the system. This magnon can be produced by parallel
pumping outside of the cluster and for simplicity, we assume it is directed to the cluster by a
one-dimensional chain (left lead) and then leaves the cluster by another one-dimensional chain
(right lead) with a probability that reﬂects the properties of the cluster (see ﬁgure 3.1).
This chapter is organized in the following way. Firstly the existence of local potential
generated by the geometry of the system is addressed. Then the XY limit and anisotropic cases
are compared to the tight-binding model. The followed approach to compute the transmittance
of a single magnon through a ferromagnetic cluster is described. The approach is used for a 8
sites perfect ring and a Fe7 structure and the physical interpretation of the results is exposed.
Lastly the eﬀects of the presence of a magnetic tip are explored as a method of wavefunctions
imaging.
3.1 Topological eﬀects in clusters
In principle, the transmittance of a single magnon through a ferromagnetic system should
be the same as that of a single spinless particle through the equivalent tight-binding model.
However, an interesting eﬀect can be seen when expanding the middle term of the equation
2.21:
−
∑
〈i,j〉
Jzi,j
(
b†ibi −
1
2
)(
b†jbj −
1
2
)
= −
∑
〈i,j〉
Jzi,j
(
b†ibib
†
jbj −
1
2
b†ibi −
1
2
b†jbj +
1
4
)
=
= −
∑
〈i,j〉
Jzi,j
(
ninj − 1
2
ni − 1
2
nj +
1
4
)
.
(3.1)
Considering Jzi,j to be site independent, [23]
−Jz
∑
〈i,j〉
−1
2
ni − 1
2
nj = −Jz
∑
〈i,j〉
−ni = J
z
2
∑
j
Zjnj , (3.2)
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with Zi being the coordination number of the site i, equation 3.1 becomes
−Jz
∑
〈i,j〉
ninj +
Jz
2
∑
j
Zjnj − Jz
∑
〈i,j〉
1
4
. (3.3)
The ﬁrst term of equation 3.3 is diﬀerent of zero only when there are at least two magnons at
nearest neighbours sites. For now, this term is zero due to the presence of a single magnon.
The third term of 3.3 is a particular constant for each cluster. The remaining term reveals
that the onsite energy of a magnon at a particular site changes with the number of neighbour
sites. This is a interesting result as in the standard tight-binding no local potential generated
by the geometry of the system is considered.
3.2 The XY limit, Jz = 0
The hard-core boson Hamiltonian for Jz = 0 is given by equation 2.21. Note that Jz = 0
usually implies that the system is paramagnetic and the spin direction is arbitrary. Here,
however, we may assume the spins' direction is externally deﬁned by an uniform magnetic
ﬁeld. The existence of an external local magnetic ﬁeld in the cluster region is also considered.
This local magnetic ﬁeld could be produced by a magnetic probe whose position inﬂuences
the overall transmittance of magnons. The hard-core boson Hamiltonian with Jz = 0 and a
local magnetic ﬁeld in the cluster, hj , is given by
H = −
∑
〈i,j〉
Ji,j
2
(
b†ibj + b
†
jbi
)
+
∑
j
hj
(
nj − 1
2
)
, (3.4)
As there is a single incoming magnon from the left lead, we only need to consider a single
inverted spin, that is, states of the form
|j〉 = b†j |Fe(↓)〉 , (3.5)
where |Fe(↓)〉 represents the state with all spins down (which is the vacuum of the hard-core
bosons). The energy term associated with the uniform magnetic ﬁeld is dropped since it
is a constant and therefore it will not aﬀect the transmittance. This allows the hard-core
Hamiltonian to be treated as a spinless one particle tight-binding Hamiltonian (and drop
the second quantization notation). One can map the Heisenberg coupling, J/2, to the tight-
binding hopping constant, t and the local magnetic ﬁeld intensity hj to the on-site energy, j .
This tight-binding approach can be directly used to compute the cluster eigenstates and the
transmittance of non-interacting magnons.
The Hamiltonian of the system is the sum of the leads and cluster Hamiltonians, H0, and
the coupling between each lead and the cluster, VLR,
H = H0 + VLR, (3.6)
with
H0 = −
0∑
j=−∞
(|j − 1〉〈j|+ H.c.)︸ ︷︷ ︸
Left lead
−
∞∑
j=N+1
(|j〉〈j + 1|+ H.c.)
︸ ︷︷ ︸
Right lead
+ Hc︸︷︷︸
cluster
(3.7)
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Figure 3.1: Schematic representation of the studied systems. In (a) and (c) one has the left and
right semi-inﬁnite 1D leads, respectively. These leads are considered to be perfect conductors.
In (b), we show the cluster described by a tight-binding model. For simpliﬁcation purposes
it is represented by a ring. The hopping factors which couple the left and right leads to the
cluster are, respectively, tL and tR.
where Hc is the single-magnon Hamiltonian in the scattering region (the cluster). The leads
connected to the cluster are considered ideal (we assume J/2 = t = 1). The coupling VLR
between the leads and the cluster is given by
VLR = −tL|0〉〈1| − tR|N〉〈N + 1|+ H.c., (3.8)
where the hopping matrix elements tL e tR connect the left and right leads, respectively, to
the cluster and result from the Heisenberg coupling JL/2 = tL and JR/2 = tR (we assume
that these coupling may be diﬀerent from the couplings in the cluster and in the leads). The
Hamiltonian of the cluster is
Hc = −
∑
〈i,j〉
(tij |i〉〈j|+ H.c.) +
∑
j
j |j〉〈j| − 1
2
∑
j
j
 Iˆ, (3.9)
where j is the on-site energy, tij is the hopping integral between two nearest neighbour sites
and Iˆ =
∑
j
|j〉 〈j| is the identity operator in the cluster subspace. Note that despite the fact
that −12
∑
j
j
 Iˆ is a constant for a given set of {1, 2, 3, ...}, its value depends on the
values of all on-site energies. For this reason it cannot be neglected, as seen in section 3.7.
3.3 The anisotropic case, Jz 6= 0
We now consider the hard-core Hamiltonian with Jz 6= 0 and a local magnetic ﬁeld. The
spins remain aligned and there is only a single incoming magnon from the left lead. The
previous assumptions are valid and although the hard-core Hamiltonian is slightly diﬀerent,
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it can be described as a tight-binding Hamiltonian with interactions:
H = −
∑
〈i,j〉
Ji,j
2
(
b†ibj + b
†
jbi
)
−
∑
〈i,j〉
Jzi,jninj+
1
2
∑
〈i,j〉
Jzi,jnj−
∑
〈i,j〉
Jzi,j
4
+
∑
j
hj
(
nj − 1
2
)
. (3.10)
As seen previously, in the case of single magnon, this Hamiltonian can be reduced to (dropping
the constant terms)
H = −
∑
〈i,j〉
Ji,j
2
(
b†ibj + b
†
jbi
)
+
1
2
∑
j
Jzi,jnj +
∑
j
hj
(
nj − 1
2
)
. (3.11)
We assume for simplicity Jzi,j to be site independent in the cluster, J
z
i,j = J
z. This is a
Hamiltonian of independent particles and the reasoning of the previous section can be followed
leading to a Hamiltonian for the cluster
Hc = −
∑
〈i,j〉
(tij |i〉〈j|+ H.c.) +
∑
j
(j + 
zZj) |j〉〈j| − 1
2
∑
j
j
 Iˆ, (3.12)
with Jz/2 = z. One must not forget that at the contact sites, there is a extra neighbour
which was not taken into account in the Hamiltonian. In order to correct this, an additional
term must be added to the Hamiltonian of the cluster:
V zLR = −zL |0〉 〈0| − zR |Nc〉 〈Nc| , (3.13)
where zL =
JzL
2 , 
z
R =
JzR
2 and |0〉 and |N〉 represent the contact sites. Since we will consider
a weak coupling between the leads and the cluster, it can be neglected. The fact that z is
diﬀerent from zero introduces an additional term zZj to the on-site energy. One can consider
that j + 
zZj is a new on-site energy which depends on the coordination number. This
dependency can be seen as the introduction of local potentials whose intensity depend linearly
with Zi. This eﬀect is discussed further in section 3.6.
Table 3.1: Correspondence between variables used in the hard-core Hamiltonian and the
variables used in the tight-binding Hamiltonian.
Heisenberg Hamiltonian
variables
Hard-core tight-binding
Hamiltonian variables
J/2 t
h 
Jz/2 z
3.4 Quantum scattering and transmittance.
In this section, the transmittance expression of a single magnon through a ferromagnetic
cluster connected to two semi-inﬁnite (modelled as ferromagnetic chains) leads is obtained.
The followed approach only requires the understanding of the tight-binding model. The use
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of Green's functions (for example as in electron conductance calculations such as the Meir-
Wingreen formulation which is based on the non-equilibrium Green's functions method and
takes into account electronic interactions in the cluster) [27, 28] or the traditional quantum
scattering approach (which is a one-particle description of scattering events due to potential
barriers) are avoided. [18] This approach is further simpliﬁed by the fact that the particles are
conﬁned to 1D ferromagnetic leads, and consequently no angle dependence is present in the
transmittance expressions.[18] In nanoscale devices, the wavelike nature of the magnon must
be taken into account and the quantum scattering description of the transmittance of a 1D
particle across a structural or potential barrier is closely analogous to the Fresnel description
of a plane light wave incident in a interface between two dielectric media. The wavefunction
of a particle with momentum k and energy εk is written as an incident wave plus reﬂected
and transmitted waves with amplitudes r(εk) and t(εk) respectively, relatively to the incident
wave. The transmittance probability for this incident wave is T = |t(εk)|2. The hoppings
tL =
JL
2 and tR =
JR
2 generate ﬁnite transmittance probability of the magnon across the
cluster. Since no two-particles interactions are considered in this chapter, the transmittance
probability for an incident magnon with momentum k and energy εk = −2 cos(k) [recall that
the energy of a magnon in a 1D ferromagnet is εk = J
z − J cos(k); so we set the zero energy
at Jz, so that εk → −J cos(k)] can be calculated solving directly the respectively eigenvector
equation for the tight-binding Hamiltonian. The method is very similar to that followed in the
determination of the band structure of a tight-binding model. If we denote the eigenfunction
amplitudes at sites n by ψn, the eigenvector equation H(ψ) = εk(ψ) generates a system of Nt
equations of the form
εkψn =
Nt∑
m
Hnmψm, (3.14)
where Hnm = 〈n|Hˆ|m〉 and Nt is the total number of sites in our system (it will be inﬁnite
since the leads are semi-inﬁnite). The matrix element Hnm is zero except if the site m is a
nearest-neighbor of site n or if n = m. One should now recall that our system is constituted by
the left lead, the cluster and the right lead. If tL = tR = 0, the system of equations decouples
into three independent sets of equations and the particle can be restricted to one of the three
regions.
Let us now assume ﬁnite tL and tR. Since we are interested in the transmittance probability
of a right-moving boson, we can limit our study to states with energy εk = −2 cos(k) which
can be written as an incident wave plus the respective reﬂected wave on the left lead and
a transmitted wave on the right lead. This implies that the equations for the wavefunction
amplitude at any site j of the leads (with j < 0 or j > Nc + 1),
εkψj = −ψj+1 − ψj−1, (3.15)
are automatically satisﬁed if the wavefunction in the leads is of the form
ψj = e
ikj + ψre
−ikj , j ≤ 0, (3.16)
ψj = ψte
ikj , j ≥ Nc + 1, (3.17)
where ψr and ψt are the amplitudes of the reﬂected and transmitted waves, respectively. These
equations can be dropped from the the global system of equations. The equations describing
the leads' behaviour are general and do not depend on the cluster structure. This is not
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the case, however, for the cluster and the coupling leads-cluster. The following equations
are developed for the particular case when the cluster is an open ring. The eigenvectors and
eigenvalues when the boson is conﬁned to the cluster are obtained from Hc(ψc) = (ψc) and
the corresponding equations are of the form
εkψj = jψj − tψj+1 − tψj−1 (3.18)
with periodic boundary conditions, ψNc+1 = ψ1, where Nc is the number of sites in the cluster.
It remains the equations for the amplitudes at sites 0 and Nc+1 which involve the hopping
constants tL and tR and depend on the amplitudes ψL and ψR at the sites L and R of the
ring,
εkψ0 = −tLψL − ψ−1, (3.19)
εkψNc+1 = −ψNc+2 − tRψR. (3.20)
The amplitude equations at ring sites remain the same when tL and tR are ﬁnite, that is,
HS(ψS) = εk(ψS), except for the equations corresponding to sites L and R which have an
additional term −tLψ0 and −tRψNc+1 and are given by
εkψL = −tLψ0 + LψL − tψL+1 − tψL−1, (3.21)
εkψR = −tRψNc+1 + RψR − tψR+1 − tψR−1. (3.22)
The solution of this set of Nc + 2 equations (that is, Eqs. 3.18, 3.19, 3.20, 3.21, and 3.22)
allows to determine ψt and ψr. Note that ψ0, ψ−1, ψNc+1 and ψNc+2 are given by Eqs. 3.16
and 3.17 and therefore are functions of ψr and ψt. The transmittance probability is then given
by the square of the absolute value of the ratio between the amplitude of the outgoing wave
ψt and the amplitude of the incident wave (which is assumed to be 1).
3.5 Results
The previous discussion is used to determinate the transmittance of a non-interacting
particle through tight-binding rings. We begin by presenting the inﬂuence of the structure of
the cluster on the transmittance without an local external magnetic ﬁeld. One of the simplest
cases is a symmetric ring with site independent zi,j = 
z, ti,j = t and j = . A site independent
j allows to express
∑
j
j |j〉〈j| − 1
2
∑
j
j
 Iˆ as ∑
j

(
1− Nc
2
)
Iˆ. In the particular case of
symmetric ring, the number of neighbours Zi is constant and equal to two. A site independent
z traduces in a constant diagonal term. Changing  or z produces equal shifts to all energy
levels. These shifts, however, do not change the eigenstates of the system. The values of 
and z should be calibrated such that the diﬀerence between eigenvalues remains within the
leads' magnons allowed energies, otherwise the magnons cannot be transmitted by any of the
cluster's states and no transmittance is allowed.
Upon the arrival of a magnon to the cluster, the associated plane wave gets splitted between
the two arms of the ring. The waves travelling in the two arms will interfere and create a
standing wave. This wave can either be one of the eigenstates of the decoupled ring, as seen
in table 3.2, or a linear combination of the latter.
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Table 3.2: The eigenstates of a symmetric ring with 8 sites, with z = 0, z
Leads
= 0, zL = 
z
R = 0 and  = 0. The grey areas represent
the probability density of the eigenstates with the respective momentum.
Energy Spectra
Momentum
(rad/site)
Wavelength
(Sites)
Probability Density, |ψ()|2 Probability Density, |ψ()|
2
(For degenerate states)
−2t cos(pi) 2pi2 2 ●
●
●
●
●
●
●
●
● ● ● ●●●
−2t cos (pi − pi4 ) 3∗2pi8 83 ●
●
●
●
●
●
●
●
● ● ● ●●● ●
●
●
●
●
●
●
●
● ● ● ●●●
0 2pi4 4
●
●
●
●
●
●
●
●
● ● ● ●●● ●
●
●
●
●
●
●
●
● ● ● ●●●
−2t cos(pi4 ) 2pi8 8 ●
●
●
●
●
●
●
●
● ● ● ●●● ●
●
●
●
●
●
●
●
● ● ● ●●●
−2t 0 ∞ ●
●
●
●
●
●
●
●
● ● ● ●●●
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The plotted probability densities shown in table 3.2 are continuous to highlight the eﬀects
produced by the diﬀerent frequencies. The transmittance proﬁles will show peaks when the
energy of the incident particle/magnon coincides with an energy level of the cluster (in chapter
4 we show that for N↑ 6= 0, the energy of the incoming magnon must match the energy
diﬀerence between the ground state with N↑ and any of the states with N↑± 1; the only state
with N↑ = 0 is the empty state whose energy is zero). Some of these peaks are absent and
this can be related to the probability density of the eigenstates of the cluster Hamiltonian,
as discussed below. States with diﬀerent momentums may have the same probability proﬁle.
Taking, for instance, the states with momentum 2pi2 and 0, one can see that, although the
wavefunctions have equal or symmetric values on the sites, the probability is equal for both
cases. The same can be said for each of the wavefunctions with momentum 3∗2pi8 and
2pi
8 , as
seen in ﬁg. 3.2.
k=
3 ×2 Π
8
rad/site
k=
2 Π
8
rad/site
1 2 3 4 5 6 7 8
Sites
0.125
0.25
|Y|2
Figure 3.2: Plot of the probability density for standing waves with momentum k = 3∗2pi8 and
k = 2pi8 . Although the probability densities are diﬀerent, their values at each site are equal.
The transmittance of magnons ultimately depends on the probability density at the contact
sites and the diﬀerence of energy between the incoming magnon and the eigenstates of the
cluster. The eigenstates can be classiﬁed as transmitting and non-transmitting depending
on the value of the probability density at the contacts. An eigenstate is said to be non-
transmitting if the probability of the presence of a magnon at either contact sites is zero.
Otherwise, the eigenstate is said to be transmitting. In the particular case of a 8 site ring, the
probability density on the contacts is either a maximum or a minimum equal to zero. This
means that, apart from the energy dependence that is developed further next, each eigenstate
either allows perfect transmittance, T = 1, or no transmittance at all, T = 0. A magnon is not
transmitted along the cluster if the energy is not close enough. Small tL and tR produce sharp
pikes of transmittance for magnons energies around the transmitting eigenstates energies.
Large tL and tR allows a wider range of magnon energies to be transmitted. A cluster state
can only transmit magnons with almost equal energy and if it is a transmitting state. If
neither of the two conditions is met, the magnon is not transmitted.
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Figure 3.3: Transmittance of magnons with εk through a perfect 8 sites ring with  = 0,
t = 0.5, tL = tR = 0.1125, 
z = 0 and zL = 
z
R = 0. The red and green dashed lines indicate
degenerate and non-degenerate eigenenergies of the cluster, respectively.
3.6 Iron Clusters and Local Potentials
As seen previously, z introduces local potentials whose intensities depends on the coordi-
nation number of each site. A variety of structures present variable Zi. A family of structures
that present non-homogeneous Zi is the Fen clusters. These clusters have been studied in order
to understand the phenomena of orbital quenching in non-crystalline mesoscopic structures.
[29] Although the atoms of these structures present a variety of total magnetic moments, [30,
31] for simplicity the magnetic moment of each site will considered to be equal to an electron
magnetic moment µB. One simple iron cluster is the Fe7 structure with seven sites as seen
in ﬁg. 3.4. The sites in the pentagon plane have four neighbours while the other two sites
have ﬁve. This produces an energetic distinction between the pentagon sites and the central
sites. Changes in the value of z lead to shifts which depend on the wavefunction's ampli-
tudes. The overall width of the peaks depend on the values of tL and tR, but the individual
transmittance peaks' widths and heights depend on the amplitudes of the wavefunction on the
contacts. This allows to distinguish between the degenerate states. Although equal in energy,
the amplitudes on the contacts for the degenerate states are distinct. In ﬁg. 3.4, the distinc-
tion between degenerate states is possible as the peaks have distinct widths and heights. The
transmittance peaks with close energies have complex behaviours due to the interference of the
respective wavefunctions. Two transmitting states, i.e. states with amplitude bigger than zero
at the contacts, with close energies will interfere constructively or destructively depending on
the phases on the contacts. If a completely destructive interference occurs (at the contacts)
the transmittance falls to zero. This can be seen in ﬁg. 3.4 where each degenerate state
produces a peak in transmittance which abruptly falls to zero for the energy of degenerate
states. The local potentials on this cluster becomes evident when changing z as presented in
table 3.3. The local potential energy shift varies according to the eigenstate and it is ruled by
z
∑
j
Zj |j〉〈j|. Whenever an eigenstate only has ﬁnite amplitude at sites with same number
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of neighbours, this expression can be written as zZj
∑
j
|j〉〈j| ≡ zZj Iˆ. The degenerate states
in table 3.3 only have ﬁnite amplitude at sites with Zi = 4. The energy shift in table 3.3 is
given by ∆Ec = Ec
(
z = 18
)−Ec (z = −18) = Ec(z = 0) + 48 − (Ec(z = 0)− 48) = 2×48 = 1.
The same reasoning can be followed in the case of the state with
(
z = 18
)
= 0.6250 but with
Zi = 5: ∆Ec =
2×5
8 = 1.2500. The other states present values of ∆Ec between 1 and 1.2500.
Degenerate
Non-degenerate
-2 -1 1 2 Εk
0.2
0.4
0.6
0.8
1

Figure 3.4: Transmittance of magnons with energy εk through a Fe7 cluster with  = 0,
t = 0.5, tL = tR = 0.1125, 
z = 0, z
Leads
and zL = 
z
R = 0. The vertical lines represent the
energies of the cluster's wavefunctions which are indicated below. The green thick lines in
the diagrams represent the leads connecting with the cluster. The yellow lines represent the
possible hoppings between sites. The amplitude and phase of the wavefunction on each site is
represented by the radius and colour of the sphere at that site, respectively. The phase can
have values between 0 and pi which are represented by a colour gradient from blue to red.
3.7 Magnetic Tip
Previously, the external magnetic ﬁeld was considered to be uniform or null. The inﬂuence
of a non-uniform local magnetic ﬁeld in the transmittance through clusters is now discussed.
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Table 3.3: Energy shift produced by the local potential due to non-homogeneous Zi in a Fe7
cluster with  = 0, t = 0.5, tL = tR = 0.2 and 
z
L = 
z
R = 0 and for 
z = 18 and 
z = −18 .
The four degenerate states have zero density probability at the central sites. This means that
the wavefunctions only have ﬁnite amplitude at sites with four neighbours. On the contrary,
the state with Ec
(
z = 18
)
= 0.0625 has zero density probability at the pentagon's sites. The
other states have components at every site.
States Ec
(
z = 18
)
Ec(
z = −18) ∆Ec
-0.5780 -1.7407 1.1627
-0.3090 -1.3090 1.0000
0.6250 -0.6250 1.2500
0.8090 -0.1910 1.0000
2.70305 1.6157 1.0873
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A radial magnetic ﬁeld may be generated by a magnetic tip in the proximity of the ring.
The intensity of the magnetic ﬁeld decreases with the distance to the centre of the tip and
we assume it is given by a Gaussian function H(~r,~t) = H0e
− (~r−~t)
2
2c2 , where ~r is the magnetic
ﬁeld intensity measurement position, ~t is the position of the tip, H0 is the magnetic ﬁeld
intensity at the tip and c is the Gaussian function standard deviation. Other forms of local
magnetic ﬁelds should lead to similar results. The possibility of particle hoppings between
the cluster and the magnetic tip is neglected, as well as the eﬀect of the magnetic ﬁeld in
the leads. As in the case of the uniform magnetic ﬁeld, this ﬁeld changes the on-site en-
ergy, which is now given by jnj → jnj + H(~rj ,~t)
(
nj − 12
)
, where ~rj is the position of the
site j. The tip is kept at a ﬁxed distance z of the ring plane and its position is swept in
the x and y directions while the transmittance being calculated for each tip position. The
respective contour plots are shown in ﬁg. 3.5a, 3.5b, 3.5c, 3.5d, 3.5e, 3.5f, 3.5g, 3.5h and
3.5i. In general, we observe in these contour plots, peaks or dips in the transmittance when
the tip (x, y) position comes close to a site of the ring. This, however is not always veriﬁed
for all sites. A ﬁne tuned set of conditions enables to relate the absence of some of this
peaks with the energy levels of the cluster. Consider the perfect 8 sites ring with t = 0.125,
z = 0, z
Leads
= 0, zL = 
z
R = 0 and  = 0. In this case the energy levels for the de-
coupled ring are Ec(N↑ = 1) = {−0.25t,−0.25 cos
(
pi
4
)
, 0,−0.25 cos (pi − pi4 ) ,−0.25 cos (pi)} ≈
{−0.2500,−0.1768, 0.0000, 0.1768, 0.2500}. Sending spin waves with energy slightly shifted
from one of the eigenenergies produces a transmittance much smaller than 1 because the
transmittance peaks are sharp around the eigenenergies (for small values of tL and tR). If
a tuned magnetic tip (i.e. with ideal H0, c and z) sweeps the surface, the shift of energy
produced by the tip can compensate the spin wave energy shift and produce total transmit-
tance. This eﬀect was used in ﬁgures 3.5d, 3.5e,3.5f, 3.5g and 3.5h to obtain an image of
the probability density proﬁles of the eigenstates of the ring. When using this eﬀect one may
expect the magnetic tip transmittance shift to be site independent (i.e. putting the tip above
each site produces the same transmittance). If this was the case, the contour plot for every
eigenstates would have peaks in every site, as seen in ﬁgures 3.5d and 3.5h. The magnetic tip
transmittance shift, however, is not site independent but it depends on the amplitude of the
eigenfunction with energy close to that of the incoming spin wave. As seen previously on sec-
tion 3.5, an incoming magnon can only be transmitted by states with energy close to its own.
For suﬃciently spaced energy spectrum of the cluster, only one state (if non-degenerations
are present) will contribute for the transmittance. This means that for the magnon to be
transmitted the tip must be close to a site where the amplitude of eigenstate in question is
not-null thus creating a spatial proﬁle of the amplitude of the eigenstate. This can be veriﬁed
by comparing ﬁgures 3.5d, 3.5e, 3.5f, 3.5g and 3.5h with the ones present in table 3.2. When
considering degenerate states, it is expected that each state contribute to the transmittance.
For a transmittance contour plot, the degenerate states should appear as a overlap of each
probability densities. This is not veriﬁed in the case of the perfect ring because for each
degeneracy only one of the two states is transmitting. Even though the magnetic tip can
compensate the energy shifts, these states never appear in the transmittance plot. It is not
expected to observe transmittance for states with zero density probability at the contacts.
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Figure 3.5: Transmittance contour plots of a ring with 8 sites. The contacts in plots (a),
(b), (c), (d) and (e) are placed at opposite sites of the ring. The contacts in plots (f) and
(g) are placed at sites of the ring forming a 90o angle in between. The contacts in plots (h)
and (i) are placed at sites of the ring forming a 135o angle in between. The contour plots
are a function of the position ~t = (x, y, z) of the magnetic tip for several conditions. The
commom variable used in all plots are  = 0, z = 0, zLeads = 0,
z
L = 
z
R = 0, t = 0.125,
tL = tR = 0.09999, H0 = 4, c = 0.425, z = 1.9. The energies of the incoming magnons are the
following: (a) εk = −0.2500 + 0.0001, (b) εk = −0.1768 + 0.0001, (c) εk = 0.0000 + 0.0001,
(d) εk = 0.1768 + 0.0001, (e) εk = 0.2500 + 0.0001, (f) εk = −0.17678 + 0.00002, (g) εk =
0.00000 + 0.00004, (h) εk = −0.25000 + 0.00002 and (i) εk = −0.17678 + 0.00002. The ﬁrst
value of each energy is the eigenvalue while the second term is the shift used to produce the
images.
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Chapter 4
Generalization for clusters with
arbitrary magnetization
In the previous chapter, the transmittance of magnons through a fully ferromagnetic sys-
tem was discussed. A more general system can be described if interactions between magnons
are considered. The leads are still considered to be perfectly ferromagnetic. The cluster
can, however, have any magnetic phase. The magnetization associated with the magnetic
phase is a measurement of the number of magnons present in the cluster and it is given by
M(N↑) = −Nc/2 + N↑, being N↑ ∈ {0, 1, 2, ..., Nc} the number of magnons present in the
cluster. The regular tight-binding approach used previously to calculate the transmittance re-
quires modiﬁcations in order to deal with multiple magnons, since the interacting terms have
to added to the tight-binding Hamiltonian. To simplify this problem a tunnelling perspective
was adopted, that is, we consider an incoming magnon from the left lead and we assume that
this magnon will be partially transmitted through the cluster to the right lead. This implies
that the number of magnons in the cluster remains ﬁxed except when the incoming magnon
arrives at the cluster. [32] We begin by describing the restrictions necessary to compute the
transmittance of the magnon which we will apply in the case of an Fe+13 cluster.
4.1 Restricted subspace for magnon transmittance
The magnon must tunnel from a lead to one of the cluster contacts and then tunnel from
the other contact to the other lead in order to be transmitted. It is recommended to separate
the system space into three sub-spaces in order to better express the following approximations
and calculations. The system space is represented by a set of three kets: the ﬁrst ket belongs
to the left lead subspace, the second to the cluster subspace and the third to the right lead
subspace. In order for this approach to be implemented two approximations were required:
• There can be at most one particle in each lead. This implies that interaction between
magnons is not considered in the leads.
• As a consequence of the previous approximation, the allowed subspace of states is:
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● ●0 NC+1 εkεk
Cluster energy levels
Figure 4.1: Schematic representation of the tunnelling approach. The left and right lines
represent the incoming magnon energy. The central lines represent energy levels of the cluster
that are described in the body of the text.
"Incoming" b†i |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉 , i < 0, (4.1)
"Transmitted" |ØL〉 ⊗ |GS(N↑)〉 ⊗ b†j |ØR〉 , j > Nc + 1, (4.2)
"Cluster (N↑ + 1) " |ØL〉 ⊗ |N↑ + 1(n)〉 ⊗ |ØR〉 , (4.3)
"Cluster (N↑ − 1) " b†0 |ØL〉 ⊗ |N↑ − 1(m)〉 ⊗ b†Nc+1 |ØR〉 , (4.4)
where b†j is the hard-core boson creation operator described in section 2.1, |ØL〉 and |ØR〉 are
the fully ferromagnetic left and right leads states, respectively, and |GS(N↑)〉 is the ground
state of the cluster with N↑ magnons, |N↑ + 1(n)〉 represents the nth state out of
(
Nc
N↑ + 1
)
eigenvectors with N↑ + 1 magnons and |N↑ − 1(m)〉 represents the mth state out of
(
Nc
N↑ − 1
)
eigenvectors with N↑− 1 magnons. The ferromagnetic leads are described as empty states be-
cause full ferromagnetic states are characterized by the absence of ﬂipped spins, i.e. magnons.
The goal is to calculate the transmittance for an incoming magnon which far from the
cluster is in a plane wave state. Any incident wave packet can obviously be written as a linear
combination of these eigenstates. For the left lead (j  0) one has an incident and reﬂected
wave (
eikj + ψre
−ikj
)
b†j |ØL〉 ⊗ |GS(N↑〉)⊗ |ØR〉 . (4.5)
For the right lead (j  Nc + 1) one has a transmitted wave
ψte
ikj |ØL〉 ⊗ |GS(N↑〉)⊗ b†j |ØR〉 . (4.6)
The ground state of the cluster is assumed to be the same as that of the decoupled system,
which is a valid approximation given that the hybridization between the leads and the cluster
is assumed to be small. The rest of the eigenstates can be constructed from these far away
components. Given the energy eigenstate |Ψk〉 of energy E = εk + EGS(N↑), where εk is the
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energy of the incident particle and EGS(N↑) is the energy of the cluster with N↑ particles and
the restriction to the subspace in 4.1, then for the "far away" components we have
H |Ψk〉 →
Hleads∑
j far
ψjb
†
j |Ø〉 ⊗ |GS(N↑〉) +
∑
j far
ψjb
†
j |Ø〉 ⊗Hc |GS(N↑〉)
 . (4.7)
Hence
H |Ψk〉 =
(
εk + EGS(N↑)
)
|Ψk〉 (4.8)
leads to
Hleads
∑
j far
ψjb
†
j |Ø〉 = εk
∑
j far
ψjb
†
j |Ø〉 (4.9)
as expected. If the non-interacting reasoning of the previous chapter is followed, then the
incoming (and reﬂected) components of |Ψk〉 (j ≤ 0)(
eikj + ψre
−ikj
)
b†j |ØL〉 ⊗ |GS(N↑〉 ⊗ |ØR〉 (4.10)
and the transmitted components (j ≥ Nc + 1) are
ψte
ikj |ØL〉 ⊗ |GS(N↑〉 ⊗ b†j |ØR〉 . (4.11)
Theses states have the same expressions as those for the case when the magnon is far away
from the cluster. The full form of the eigenstate with energy εk + EGS(N↑) in the restricted
subspace is
|Ψk〉 =
∑
j≤0
(
eikj + ψre
−ikj
)
b†j |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉
+
∑
j≥Nc+1
ψte
ikj |ØL〉 ⊗ |GS(N↑)〉 ⊗ b†j |ØR〉
+
∑
n
|ØL〉 ⊗ αn |N↑ + 1(n)〉 ⊗ |ØR〉
+
∑
m
b†0 |ØL〉 ⊗ βm |N↑ − 1(m)〉 ⊗ b†Nc+1 |ØR〉
(4.12)
The ﬁrst and second summation sum over the left and right leads' positions for the incoming
magnon, respectively. The third summation sums over all
(
Nc
N↑ + 1
)
eigenstates of the cluster
with N↑ + 1 magnons, where the last summation sums over all
(
Nc
N↑ − 1
)
eigenstates of the
cluster with N↑ − 1 magnons, αn and βm are the respective amplitudes. Our objective is to
determine ψt. This is achieved noting that the components of |Ψk〉
ψ0b
†
0 |ØL〉 ⊗ |GS(N↑)〉 ⊗ |OR〉
ψNc+1 |ØL〉 ⊗ |GS(N↑)〉 ⊗ b†Nc+1 |ØR〉∑
n
|ØL〉 ⊗ αn |N↑ + 1(n)〉 ⊗ |ØR〉∑
m
b†0 |ØL〉 ⊗ βm |N↑ − 1(m)〉 ⊗ b†Nc+1 |ØR〉 .
(4.13)
31
must obey to the eigenvalue equation, where
ψj =
{
eikj + ψre
−ikj , j < 0
ψte
ikj , j > Nc
(4.14)
The Schrödinger equation can now be used to compute ψt. The application of the Schrödinger
equation produces an extensive expression which can be separated into the distinct components
of |Ψk〉. For each distinct component the Schrödinger equation generates an equation and the
solution of the system of these equations allows to determine the transmittance of the magnon
wave. The action of the Hamiltonian in |Ψk〉 also produces states that do not fall within the
restrict subspace and are therefore discarded. The Schrödinger equation for the component
b†0 |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉 is given by(
εk + EGS(N↑)
)
ψ0b
†
0 |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉 =
− ψ−1b†0 |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉
− tLb†0 |ØL〉 ⊗
∑
m
αmbL |N↑ + 1(m)〉 ⊗ |ØR〉
− tRb†0 |ØL〉 ⊗
∑
n
βnbR |N↑ − 1(n)〉 ⊗ |ØR〉
+ EGS(N↑)ψ0b
†
0 |ØL〉 ⊗ |GS(N↑)〉 ⊗ |ØR〉 .
(4.15)
For simplicity, the b†0 |ØL〉 and |ØR〉 factors are ignored as they are always present and do not
contribute to the discussion:[(
εk +
EGS(N↑)
)
ψ0 + ψ−1
]
|GS(N↑)〉 =− tL
∑
n
αnbL |N↑ + 1(n)〉
− tR
∑
m
βmb
†
R |N↑ − 1(m)〉
+
((((
((((
((
EGS N↑)ψ0 |GS(N↑)〉.
(4.16)
We are working in a restricted subspace, where the only available state with N↑ particles in
the cluster is the ground state, |GS(N↑)〉, so that it is required to project all states with N↑
to |GS(N↑)〉:
[εkψ0 + ψ−1] |GS(N↑)〉 =− tL
∑
n
αn |GS(N↑)〉 〈GS(N↑)| bL |N↑ + 1(n)〉
− tR
∑
m
βm |GS(N↑)〉 〈GS(N↑)| b†R |N↑ − 1(m)〉 ,
(4.17)
so that one obtains
[εkψ0 + ψ−1] =− tL
∑
n
αn 〈GS(N↑)| bL |N↑ + 1(n)〉
− tR
∑
m
βm 〈GS(N↑)| b†R |N↑ − 1(m)〉 .
(4.18)
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The following parameters are introduced in order to simplify the notation:
tLαn(N↑) = tL 〈N↑ + 1(n)| b†L |GS(N↑)〉 (4.19)
tRαn(N↑) = tR 〈GS(N↑)| bR |N↑ + 1(n)〉 (4.20)
tRβm(N↑) = tR 〈N↑ − 1(m)| bR |GS(N↑)〉 (4.21)
tLβm(N↑) = tL 〈GS(N↑)| b†L |N↑ − 1(m)〉 (4.22)
αn(N↑) = Eαn(N↑ − 1)− EGS(N↑) (4.23)
βm(N↑) = Eβm(N↑ + 1)− EGS(N↑). (4.24)
Equation 4.18 becomes
εkψ0 + ψ−1 =−
∑
n
(
tLαn(N↑)
)∗
αn −
∑
m
(
tRβm(N↑)
)∗
βm. (4.25)
Equation 4.25 is one of the equations that forms the wanted system of equations. The pro-
cedure must now be repeated for the remaining components of |ψk〉 to obtain the complete
system. For |ØL〉 ⊗ αn |N↑ + 1(m)〉 ⊗ |ØR〉 one obtains
(εk − αn)αn = −
(
tLαn(N↑)
)
ψ0 −
(
tRαn(N↑)
)∗
ψNc+1. (4.26)
For b†0 |ØL〉 ⊗ βn |N↑ − 1(n)〉 ⊗ b†Nc+1 |ØR〉
(εk − βm)βm = −
(
tLβm(N↑)
)∗
ψNc+1 −
(
tRβm(N↑)
)
ψ0. (4.27)
Lastly, |ØL〉 ⊗ |GS(N↑)〉 ⊗ b†Nc+1 |ØR〉 produces the last equation
εkψNc+1 + ψNc+2 = −
∑
n
(
tRαn(N↑)
)
αn −
∑
m
(
tLβm(N↑)
)
βm. (4.28)
This way one obtains a set of 2 +Nα +Nβ equations given by the expressions 4.25, 4.26, 4.27
and 4.28, where Nα =
(
Nc
N↑ − 1
)
and Nβ =
(
Nc
N↑ + 1
)
. These equations allow to calculate the
values of 2+Nα+Nβ variables which are ψr, ψt, {αn} and {βm}. The values of ψr and ψt are
obtained from the values of ψ0, ψ−1,ψNc+1 and ψNc+2. As in the tight-binding approach the
transmittance probability is given by T = |ψt|2. The energy diﬀerence between states with
N↑+ 1 and the ground state with N↑, αn(N↑), and the energy diﬀerence between states with
N↑−1 and the ground state with N↑, βm(N↑), deﬁne which incoming magnons have the right
energy to be transmitted. As in the previous approach, the energy of the incoming magnon
must match either αn(N↑) or βm(N↑) in order to be transmitted. This tunnelling approach
can be compared with the tight-binding approach of the previous approach when considering
the absence of magnons on the cluster. Special care is required when considering N↑ = 0.
Firstly, one must note that the states |N↑ − 1(n)〉 are not deﬁned. States with −1 particles do
not have physical meaning, therefore they were not used in the computations. Secondly, there
is only one state with 0 particles, |Øc〉 = |000...〉. As such it is the ground-state whose energy
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is GS(0) = 0. With these considerations in mind, the parameters in 4.19 are written as
tLαn(0↑) = tL 〈1↑(n) | b†L |Øc〉 (4.29)
tRαn(0↑) = tR 〈Øc| bR |1↑(n)〉 (4.30)
tRβm(0↑) = 0 (4.31)
tLβm(0↑) = 0 (4.32)
αn(0↑) = Eαn(1↑) (4.33)
βm(0↑) = 0. (4.34)
Equations 4.25, 4.26,4.27 and 4.28 are now written as
εkψ0 + ψ−1 = −
∑
n
(
tLαn(0↑)
)∗
αn
(εk − αn(0↑))αn = −tLαn(0↑)ψ0 −
(
tRαn(0↑)
)∗
ψNc+1
εkβn = 0
εkψNc+1 + ψNc+2 = −
∑
n
tRαn(0↑)αn
(4.35)
From this system of equations, it becomes clear that the transmittance depends on the am-
plitude of the wavefunction on the left and right contact, 〈1↑(n) | b†L |Øc〉 and 〈Øc| bR |1↑(n)〉,
respectively. It also depends on the energetic diﬀerence between the energy of the incoming
magnon, εk, and the energy separation Eαn−EGS(0). The tunnelling approach makes evident
that is not the cluster energy levels per se that matters but the energy diﬀerence between levels
with N↑ + 1 and N↑ − 1 and the ground state with N↑.
4.2 Fe+13 cluster magnetic conﬁguration
The magnetic conﬁguration of Fe+13 has been a matter of discussion [31]. While most de-
scribe the cluster as ferromagnetic, some claim that the central Fe atom has inverted spin.[31]
As an example of the application of the method described in the previous section, the trans-
mittance spectra is computed considering the case where the all sites bonds are ferromagnetic
(i.e. its value is Ji,j = J
z
i,j > 0) and where the bonds between external sites are ferromag-
netic but anti-ferromagnetic between each external site and the central site (i.e. its value is
Ji,j = J
z
i,j < 0). The goal is to compare the behaviour of the incoming magnon for the Fe
+
13
cluster with ferromagnetic and anti-ferromagnetic couplings and with zero and one magnon
within the cluster (corresponding to an inverted central spin).
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Table 4.1: Transmittance of a magnon through a Fe+13 cluster. The transmittance spectra is computed considering the case where
the all sites' bonds are ferromagnetic (i.e. its value is Ji,j = J
z
i,j > 0) and where the bonds between external sites are ferromagnetic
but anti-ferromagnetic between each external site and the central site (i.e. its value is Ji,j = J
z
i,j < 0). The graphics represent the
transmittance of incoming magnons with energy εk.
N↑ = 0 N↑ = 1
Ferromagnetic Non-Degenerate
Degenerate
-2 -1 1 2
¶k
0.2
0.4
0.6
0.8
1
T
Non-Degenerate
Degenerate
-2 -1 1 2
¶k
0.2
0.4
0.6
0.8
1
T
Anti−
−ferromagnetic Non-Degenerate
Degenerate
-2 -1 1 2
¶k
0.2
0.4
0.6
0.8
1
T
Non-Degenerate
Degenerate
-2 -1 1 2
¶k
0.2
0.4
0.6
0.8
1
T
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The total magnetic moment of each site was considered to be equal the electron spin mag-
netic moment µS ≈ µB, being µB the Bohr magneton. Experimental measurements using
methods such as chemical probes, [33] photoionization studies, [34]collision-induced dissocia-
tion experiments, [35] Stern-Gerlach measurements, [36] photonelectron spectroscopy [30] and
time-of-ﬂight mass spectroscopy[37] showed that the total magnetic moment is diﬀerent than
µB and it diﬀers from site to site. These Fe
+
13 atomic moments do not allow the Matsubara-
Matsuda transformation to be considered to compute the transmittance of magnons. Although
the Holstein-Primakoﬀ transformation is generalized to sites with spin other than 1/2, it still
requires that all sites have equal spin and therefore it also cannot be considered to compute
transmittances. The oversimpliﬁcation of the Fe+13 cluster means that the results obtained
probably do not correspond to the experimental measurements, but may hint on some quali-
tative conclusions.
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Chapter 5
Frustrated magnetic clusters
For some particular geometrically frustrated lattices the existence of localized eigenstates
can inﬂuence the physics of those systems.[20, 38] The hopping term in the Hamiltonian
is responsible for extending a magnon wave function over all lattice sites. The destructive
quantum interference phenomena can be responsible for one-magnon eigenfunctions whose
amplitudes are only non-zero in restricted areas. These localized magnons have a local char-
acter which allows to express many-particle eigenstates of the Hamiltonian as n independent
localized magnons even when interactions between magnons are present, given a suﬃciently
large separation between them.
In this chapter the tunnelling approach developed in the previous chapter is used to com-
pute the transmittance of a single magnon through a frustrated cluster with generalized mag-
netization. The eﬀects of an external uniform magnetic ﬁeld in the transmittance is addressed.
5.1 The Saw-tooth Chain
One of the geometries in which localized magnon states arise is the anti-ferromagnetic
saw-tooth chain.[39, 40, 41, 42, 43] In this structure there are two types of bonds, J1 and J2.
The Heisenberg couplings J are considered to be isotropic, that is, J = Jx = Jy = Jz for
any given i and j. The eigenstates can be separated in subspaces with diﬀerent total spin
projection Sz = Nc/2, Nc/2− 1, ... due to the commutation between Sz and the Hamiltonian.
Each subspace has a diﬀerent number of eigenstates. For Sz = −Nc/2 there is only one
eigenstate, the fully ferromagnetic state, |Fe(↓)〉, which represents the vacuum state for the
magnon excitations.
One must calculate the eigenvalues in the one-magnon subspace for the correspondent hard-
core Hamiltonian in order to ﬁnd if a dispersionless one-magnon band can occur. Considering
the Hamiltonian given by equation 2.22 in the case of the saw-tooth lattice, we have
H =
∞∑
i=−∞
J1
2
(
a†jbj + b
†
jaj + b
†
jaj+1 + a
†
j+1bj
)
+
J1
2
(
a†jaj+1 + a
†
j+1aj
)
− (J2 + J1) a†jaj − J2b†jbj − h
(
a†jaj + b
†
jbj
)
,
(5.1)
where a†j and b
†
j are the magnon creation operators for positions Aj and Bj and aj and bj
are the magnon annihilation operators for positions Aj and Bj (See ﬁgure 5.1). The two one-
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J1
J2
Figure 5.1: Schematic representation of a saw-tooth chain. The Heisenberg coupling between
two consecutive sites A is J1 while the same term between a site A and a site B is J2. The
green shapes represent the localized states. One can see that, when J2 = 2J1∧J1 < 0∧J2 < 0,
at most, there is a localized state for every four sites.
magnon branches are obtained by going to the momentum space using the Fourier transform
ai =
1√
Ncells
∑
~k
a~ke
i~k. ~Rai (5.2)
and
bi =
1√
Ncells
∑
~k
a~ke
i~k. ~Rbi . (5.3)
Assuming unitary distance between neighbours, one obtains
±(k) = h− J1 + 2J2
2
+
1
2
[
J1 cos k ±
√
J21 (cos k − 1)2 + 2J22 (1 + cos k)
]
. (5.4)
If J1 and J2 are such that J2 = 2J1, the lowest magnon branch becomes dispersionless,
−(k) = − = h− 4J1. (5.5)
This dispersionless band is associated with the presence of localized excitations of the form
|1〉 = 1√
6
(
b†2j−1 − 2a†2j + a†2j+1
)
|Fe(↓)〉 . (5.6)
The localized magnons are conﬁned in the valleys as shown in ﬁg 5.1. For these magnons to
be independent of each other, each pair of magnons must be separated by at least one empty
valley. The maximum number of localized magnons in a saw-tooth chain is then restricted
and given by nmax = Nc/4. The energy of a N↑-localized magnons state is given by
EN↑ = EFe(↓) +
(
N↑ − Nc
2
)
h− 4J1N↑ = EFe(↓) −
Nc
2
h+N↑(h− 4J1). (5.7)
In order to calculate the magnetizationM at T = 0 for a given magnetic ﬁeld, it is only required
to ﬁnd the lowest energy levels E(M) in the subspaces with diﬀerent M = Nc/2, Nc/2− 1, ...
for zero magnetic ﬁeld, i.e. h = 0. The energies in the presence of an external magnetic ﬁeld
h are given by E(M,h) = E(M, 0) − hM . For a given value of h, the magnetization is such
that E(M,h) is minimized.
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Figure 5.2: Dependency of the number of magnons present in the saw-tooth chain with 16
sites for  = 0, z = 0, z
Leads
, zL = 
z
R = 0, J1 = −0.25, J2 = −0.5, JL = JR = 0.225 and
JLeads = 2. The energies of the ground state for all possible number of magnons are plotted
below. The number of magnons is that of the state with lowest energy for a given magnetic
ﬁeld. The blue dots represent the values of h where the number of magnons present in the
cluster changes in order to minimize the cluster energy. Although theses changes add or or
subtract a magnon, in frustrated systems these changes can add or subtract more than a
magnon. One observes jumps from 0 to 4 and 12 to 16 in the sawtooth chain with 16 sites.
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As the magnetic ﬁeld changes, the magnetization also changes. In classical non-frustrated
Heisenberg antiferromagnets, it is common to ﬁnd the parabolic relation E(m) ∝ M2 which
leads to M ∝ h. This linear nature can suﬀer small deviations due to quantum ﬂuctuations.
Systems with frustration and quantum ﬂuctuations can present very distinct curves from
the non-frustrated systems. Frustrated magnetic clusters generally present magnetization
plateaus.[20, 41] These magnetization plateaus play a fundamental role in the transmittance
of magnon waves through the cluster. An external magnetic ﬁeld determines the magnetization
of the cluster which is equivalent to the number of existing magnons in the cluster N↑. As seen
in the chapter 4, the transmittance of magnons by tunnelling depends on a set of equations
constructed using the energy states for a particular N↑ in the cluster. This means that
when N↑ changes due to the magnetic ﬁeld, the transmittance is ruled by a diﬀerent set
of equations. Moreover, even when the magnetic ﬁeld is not varied enough to promote a
magnetization transition, it always changes the E(M,h). This means that EGS(N↑), Eαi and
Eβn are changed by the magnetic ﬁeld thus modifying the transmittance. To understand how
the transmittance behaves when the magnetization suddenly changes, the transmittance was
computed for a number of magnons in the cluster ranging from 0 to Nc in the presence of a
external magnetic ﬁeld, h (see ﬁg. 5.3). For each value of h, the state with the lowest energy
(out of all states with any number of magnons) is selected and the correspondent number
of particles is determined. For that h, the value of transmittance is given by the value of
transmittance with the number of particles determined previously. Varying h, one obtains a
transmittance plot that is given by merging segments of transmittance plots with ﬁxed N↑.
In order to reduce the computing time, a small sized saw-tooth chain (with 7 sites) was
chosen. For this reason, the plateaus are not visible.
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Figure 5.3: Transmittance proﬁles of magnons with εk = 0 for a seven site anti-ferromagnetic
saw-tooth chain as functions of the external magnetic ﬁeld for  = 0, z = 0, z
Leads
, zL = 
z
R =
0, J1 = −0.25, J2 = −0.5, JL = JR = 0.225 and JLeads = 2. The transmittance was computed
for a number of magnons, N↑, ranging from 0 to Nc. The changes of the number of magnons
present in the cluster due to the magnetic ﬁeld is represented by the pink step function. The
observable transmittance is dictated by the number of magnons present for a given magnetic
ﬁeld.
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Chapter 6
Conclusion
In this thesis, we have shown that the transport of coherent magnons through mesoscopic
magnetic clusters can be modelled by a tunnelling approach even in the case of interaction
between magnons.
In the case of ferromagnetic clusters, for transmittance of magnons to occur, the following
conditions must be satisﬁed:
1. The energy of the incoming magnon must be close to the diﬀerence between the energy
of the ferromagnetic ground state and one of the cluster states with one magnon.
2. The state with energy close to the incoming magnon energy must have ﬁnite probability
density at both contacts sites.
The transmittance presents sharp peaks at the energies described in chapters 3 and 4 whose
width and height depend on tL and tR. States with close energies can interfere and the
resulting transmittance peak may be diﬀerent from a simple average of the transmittance
peaks. Structures with non-homogeneous coordination number Zi have eﬀective local poten-
tials which are not present in conventional charge transport. A magnetic tip can be used to
alter the transmittance and produce patterns that reﬂect the probability density proﬁles of
the eigenstates of the cluster.
The tunnelling approach enables to study the transmittance of magnons through clus-
ters with arbitrary magnetization taking into account interactions between magnons. The
conditions for transmittance are generalized:
1. The energy of the incoming magnon must be close to the diﬀerence between the energy
of the ground state with N↑ and one of the states with N↑ + 1 up spins or between the
energy of the ground state with N↑ up spins and one of the states with N↑ − 1.
2. The state with energy close to the incoming magnon's energy depends on the values of
〈N↑ + 1(n)| b†L |GS(N↑)〉, 〈GS(N↑)| bR |N↑ + 1(n)〉, 〈N↑ − 1(m)| bR |GS(N↑)〉 and
〈GS(N↑)| b†L |N↑ − 1(m)〉.
The number of magnons (inverted spins) present in a cluster is aﬀected by the cluster's struc-
ture and the presence of an applied magnetic ﬁeld. The magnetic ﬁeld produces magnetization
plateaus with transmittance peaks in the magnetization transitions. The observable trans-
mittance is the result of the selection of the transmittance patterns which have the correct
magnetization for each magnetic ﬁeld intensity.
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Appendices
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Appendix A
Momentum Jordan-Wigner
Transformation
To write out the fermionized Hamiltonian obtained in the Jordan-Wigner transformation
of the Heisenberg Hamiltonian (eq. 2.38) in a more compact form, a transformation to mo-
mentum space is performed
fj =
1√
N
∑
k
fke
ikRj , (A.1)
where fk annihilates a spin excitation with momentum k, N is the number of sites in the 1D
chain and Rj is the position of site j. In this case, the fermionized Hamiltonian components
become
Jz
∑
j
nj =
Jz
N
∑
j
∑
k1
f †k1e
−ik1Rj
∑
k2
fk2e
ik2Rj

= Jz
∑
k
f †kfk,
(A.2)
−J
2
∑
j
(
f †j+1fj + f
†
j fj+1
)
= −J
∑
k
cos(ka)f †kfk, (A.3)
with a constant separation between sites Rj+1 −Rj = a. The second-term of 2.38 can as well
be cast to the momentum space
Jz
∑
j
njnj+1 =
Jz
N
∑
k2,k3,k4
ei(k4−k3)af †k2−k3+k4fk2f
†
k3
fk4 . (A.4)
Using the following variables exchanges
k − q = k2 − k3 + k4,
k′ = k3,
k = k2,
k′ = k4,
(A.5)
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one obtains
Jz
∑
j
njnj+1 =
Jz
N
∑
k,k′,q
cos(qa)f †k−qf
†
k′+qfk′fk. (A.6)
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Appendix B
Ground State energy for Jz = 0
In this appendix, we determine the ground state energy in the XY limit of teh Heisenberg
Hamiltonian. Excitations of the ground-state can be made, either by adding a magnon at
wavevectors |k| > pi/2a, or by annihilating a magnon at wavevectores |k| < pi/2a, to form a
"hole". The energy to form a hole is −ωk. To better represent the hole excitations, we make
a "particle-hole" transformation for the occupied states, writing
f †k =
{
f˜ †k , |k| > pi/2a
f˜−k , |k| < pi/2a
(B.1)
These are the "physical" excitation operators. The Hamiltonian of the pure XY ferromagnet
can be written as
Hxy = −J
∑
k
cos (ka) f †kfk
= −J
 ∑
|k|<pi/2a
cos (ka) f †kfk
− J
 ∑
|k|>pi/2a
cos (ka) f †kfk

= −J
∑
k
| cos ka|
(
f˜ †k f˜k −
1
2
)
.
(B.2)
Here the ground state is the state where the magnons occupy the on-particle energy states
with absolute momentum lower than pi/2a. Furthermore the number of sites is considered to
be very large, allowing to turn the summation into a integral. Using

∑
k
1 = N
∫ pi/2a
−pi/2a
dk
g
= N
=⇒ N = 2pi
ag
=⇒ g = 2pi
Na
, (B.3)
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the ground state energy is then given by
Eg =− J
∑
|k|<pi/2a
| cos(ka)|
=− J
∫ pi/2a
−pi/2a
Na
2pi
| cos(ka)|dk
=
JNa
2pi
∫ pi/2a
−pi/2a
cos(ka)dk
=
JNa
2pi
[− sin(ka)
a
]pi/2a
−pi/2a
=
−JN
pi
.
(B.4)
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Appendix C
The 2D Jordan-Wigner Hamiltonian
The Heisenberg Hamiltonian is given by H = Hxy + Hz + HZeeman, with Hxy the XY
interaction contribution, Hz the Ising interaction term and HZeeman is the Zeeman eﬀect
contribution due to the interaction with an external magnetic ﬁeld. The Hamiltonian for an
inﬁnite 2D lattice can be written as:
H =
∞∑
i=0
∞∑
j=0
J (Si,jSi+1,j + Si,jSi,j+1)︸ ︷︷ ︸
Hxyz
+
∞∑
i=0
∞∑
j=0
hSzi,j︸ ︷︷ ︸
Hf
(C.1)
Using the extended Jordan-Wigner transformation, one can separate the XY interaction from
the z interaction, and we have
Hxy =
∞∑
i=0
∞∑
j=0
1
2
Ji,j,i+1,j
(
S+i,jS
−
i+1,j + S
−
i,jS
+
i+1,j
)
+
1
2
Ji,j,i,j+1
(
S+i,jS
−
i,j+1 + S
−
i,jS
+
i,j+1
)
=
1
2
∞∑
i=0
∞∑
j=0
Ji,j,i+1,jf
†
i,je
−ipi(∑i−1d=0∑∞w=0 nd,w+∑j−1w=0 ni,w)fi+1,jeipi(∑id=0∑∞w=0 nd,w+∑j−1w=0 ni,w)
+ Ji,j,i+1,jfi,je
ipi(
∑i−1
d=0
∑∞
w=0 nd,w+
∑j−1
w=0 ni,w)f †i+1,je
−ipi(∑id=0∑∞w=0 nd,w+∑j−1w=0 ni,w)
+ Ji,j,i,j+1
(
f †i,je
ipini,jfi,j+1 + fi,je
−ipini,jf †i,j+1
)
=
1
2
∞∑
i=0
∞∑
j=0
Ji,j,i+1,jf
†
i,je
ipi(
∑∞
w=j+1 ni,w+
∑j−1
w=0 ni+1,w)fi+1,j
− Ji,j,i+1,jfi,je−ipi(
∑∞
w=j+1 ni,w+
∑j−1
w=0 ni+1,w)f †i+1,j
+ Ji,j,i,j+1
(
f †i,jfi,j+1 − fi,jf †i,j+1
)
(C.2)
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Replacing pi
(∑∞
w=j+1 ni,w +
∑j−1
w=0 ni+1,w
)
by φ˜i,i+1(j), we obtain
Hxy =
1
2
∞∑
i=0
∞∑
j=0
Ji,j,i+1,j
(
−fi,jeiφ˜i,i+1(j)f †i+1,j + f †i,je−iφ˜i,i+1(j)fi+1,j
)
+Ji,j,i,j+1
(
−fi,jf †i,j+1 + f †i,jfi,j+1
)
.
(C.3)
This can be viewed as the Hamiltonian of a two-dimensional tight-binding-like spinless
fermionic Hamiltonian with the hopping amplitudes
±1
2
Ji,j,i+1,je
±iφ˜i,i+1(j) , in the x direction
±1
2
Ji,j,i,j+1 , in the y direction.
(C.4)
Those hoppings depend in a complicated way on the conﬁguration of the intermediate sites.
This complexity explains how the isotropic XY Hamiltonian becomes diﬃcult to examine
in two dimensions in comparison with an obvious analysis in one dimension. There are no
diﬃculties in rewriting the Ising interaction in fermionic language
Hz =
∞∑
i=0
∞∑
j=0
Ji,j,i+1,j
(
S+i,jS
−
i,j −
1
2
)(
S+i+1,jS
−
i+1,j −
1
2
)
+Ji,j,i,j+1
(
S+i,jS
−
i,j −
1
2
)(
S+i,j+1S
−
i,j+1 −
1
2
) (C.5)
Hz =
∞∑
i=0
∞∑
j=0
Ji,j,i+1,j
(
f †i,jfi,j −
1
2
)(
f †i+1,jfi+1,j −
1
2
)
+Ji,j,i,j+1
(
f †i,jfi,j −
1
2
)(
f †i,j+1fi,j+1 −
1
2
) (C.6)
and the Zeeman interaction due to an external magnetic ﬁeld
HZeeman =
∞∑
i=0
∞∑
j=0
h
(
S+i,jS
−
i,j −
1
2
)
=
∞∑
i=0
∞∑
j=0
h
(
f †i,jfi,j −
1
2
)
(C.7)
Hxy, Hz, HZeeman realize the fermionic representation of the spin-
1
2 isotropic Heisenberg model
on a square lattice.
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